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Abstract

To provide statistical guarantees of QoS, the In-
ternet requires a measurement infrastructure for
estimating available resources from actual tra�c.
In this paper, we outline an algorithm that col-
lects a histogram of the occupancy of a single-server
FCFS queue at packet arrival times, and infers the
loss rate and delay distribution from such measure-
ments. Direct estimation of such QoS parameters
typically leads to estimators with a large variance.
To reduce this variance, we �t a bu�er occupancy
model, a sum of exponentials, to the histogram us-
ing a weighted least-squares algorithm. Further-
more, we compute batch means to minimize the
bias due to the positive correlation between mea-
surements. In this manner, we provide an e�cient
and robust approach to QoS estimation.

1 Introduction

To deliver realtime multimedia, Internet applica-
tions rely on compression and backo� algorithms
to try to provide smooth images and clear sound.
However, the \best-e�ort" nature of the Internet
limits the quality of these applications. If the In-
ternet continues to increase at its current rate, the
network will have to provide di�erentiated services,
either through Class of Service (CoS) or Quality of
Service (QoS) performance guarantees. While CoS-
based contracts are typically arranged and paid for
in advance, QoS-based contracts can be set up at
the time of connection, so that customers are billed
for what they use. Although a tra�c descriptor
may be provided, it may be too conservative for
the actual tra�c, or too complex to estimate usage
accurately. In such cases, the network should mea-
sure network tra�c and estimate current usage in

terms of the loss rate, L, and the distribution of the
packet delay, D. However, an important question
is how to estimate these parameters from measure-
ments of network tra�c.

In this paper, we outline a measurement-based ap-
proach for estimating these QoS parameters indi-
rectly by �tting a function to the bu�er occupancy
distribution. These estimators are designed for
Markov-modulated tra�c sources in a �rst-come-
�rst-serve (FCFS) queue. In our approach, we �t
a distribution function to measurements of bu�er
occupancy, and then use this �tted function to in-
fer the QoS parameters. By �tting the bu�er oc-
cupancy function at multiple points, we can trade
o� complexity for speed of convergence. Although
this approach uses more sophisticated measure-
ment and estimation algorithms than more direct
methods, we believe that the increased value and
e�ciency of the network will be worth the addi-
tional complexity.

In Section 2, we investigate an appropriate queu-
ing model based on Markov-modulated tra�c in
a FCFS single-server queue. Section 3 details our
approach, including the appropriate measurements
and �tting algorithm that we use to estimate this
distribution. Lastly, we support our approach with
a simulated example of Poisson tra�c in Section 4.

2 Modeling the Bu�er Occupancy

Distribution

We consider the problem of estimating L and
P (D � d) for stationary and ergodic Markov-
modulated tra�c in a single-server FCFS queue.
Below, we describe our model in more detail, and
summarize important results.



2.1 Queue and Tra�c Model

Consider a G/G/1 FCFS queue, with rate R bytes
per second and a maximum bu�er size of B bytes,
as shown in Figure 1.
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Figure 1: Single-server FCFS queue with rate R and

bu�er size B.

Packets with a random length enter the queue and
are serviced at a constant rate. Denote the arrival
process by the random variables ((Sn; Tn); n � 1),
where Sn > 0 is the length, in bytes, of the n-th
packet, and Tn > 0 is the interarrival time between
the n-th and the (n + 1)-st packets. We assume
that (Sn; Tn) are modulated by a Markov process.
More speci�cally, let Zn be an irreducible and ape-
riodic Markov chain on a �nite state space S. Then,
(Sn; Tn) = h(Zn), for some function h(�) and for ev-
ery packet n, and therefore the subsequent packet
lengths and interarrival times of the tra�c pro-
cess are functions of Zn. Since Zn is irreducible
and positive recurrent, and assuming that Z1 has
a stationary distribution, the sequence (Zn; n � 1)
is stationary and ergodic. Hence, the sequence of
packet lengths and interarrival times are also sta-
tionary and ergodic, and we may de�ne S and T to
be a typical packet length and interarrival time, re-
spectively. The bu�er occupancy process is de�ned
as the following. De�ne �n to be the n-th packet
arrival time, so that

�n+1 = �n + Tn:

Let WB
t be the bu�er occupancy, in bytes, at time

t 2 [0;1) for a queue with a bu�er size of B bytes.
Furthermore, letWB

�n
be the number of bytes in the

queue immediately after the n-th packet arrives.
Then, we may de�ne the queue occupancy process
by the set of equations

WB
�n

= WB
�n�

+ Sn1fWB
�n�

+ Sn � Bg
and

WB
t =

�
WB

�n
� (t� �n)R

�+
; t 2 [�n; �n+1)

where (�)+ � max(�; 0). As de�ned, the occupancy
of the actual queue at time t is WB

t since pack-
ets are dropped if the queue occupancy exceeds B

bytes. Furthermore, we make the assumption that
the queue is always stable, so that

E[S] < E[T ]R:

2.2 Stationary Distribution

The QoS that packet n receives depends on the ran-
dom variableWB

�n�
+Sn since this decides whether

the packet is lost, and if not, what its delay in the
queue will be. Therefore, the QoS of the collection
of packets can be determined from the stationary
distribution of WB

�n�
+ Sn. More precisely, we de-

�ne FB to be

FB(x) � lim
n!1

1

n

nX
i=1

1fWB
�i�

+ Si � xg (1)

= P (WB
�� + S � x):

The distribution FB is the workload seen by an ar-
riving packet (including its own work to be done) if
the packet were added to the queue. An important
related distribution is

�FB(x) � P (WB
�� + S � x jWB

�� + S � B)

= FB(x)=FB(B):

�FB is the workload as seen by packets that have not
been dropped, and therefore it is used to determine
the delay distribution.

Because of our modeling assumptions, FB (and, by
de�nition, �FB) exists and is unique.

Theorem 1 If E[S] < E[T ]R, then FB exists and
is unique for all 0 � B � 1.

This follows from the existence and uniqueness of
F1, which is the classic result due to Loynes [1],
and the fact thatWB

t is stochastically smaller than
W1

t for �nite B. We will refer to FB as F andWB
�

asW� , and only use the superscript when necessary
for clari�cation. Under this model, we may com-
pute all of our QoS performance measures directly
from F . The loss rate, i.e., the fraction of pack-
ets that will be dropped by the queue because of
over
ow, is de�ned as

L � Pr(W�� + S > B) = 1� F (B):

Furthermore, the distribution of D is de�ned as

P (D � d) � �F (Rd):

This is the delay distribution for packets that are
not dropped from the queue. In particular, the mo-
ments of D may be computed from this equation,
including the average packet delay.



2.3 Regeneration Times

Under these modeling assumptions, it is possible
to �nd regeneration times for the process. In this
context, the process regenerates whenever the traf-
�c process renews and the queue returns to zero.
For any state z 2 S, we may de�ne


zm = inffn > 
zm�1 :W�n� = 0; Zn = zg (2)

for m � 1, where 
z0 is the �rst such time. Because
of our modeling assumptions, the moments of the
regeneration times exist and are �nite for at least
one state �z 2 S.

Lemma 1 Let (
zm;m � 0) be de�ned as in (2).
Then, there exists a state �z 2 S such that E[
�zm] <
1 and V ar[
�zm] <1.

This follows from the fact that (
�zm+1�
�zm ;m � 1)
are i.i.d. and are upper bounded by an appropri-
ate geometric random variable. The importance of
Lemma 1 is that it is possible to �nd regeneration
times with intervals of bounded mean and variance,
and therefore we can apply a central limit theorem
to the samples we collect. If we were to assume that
the tra�c process exhibits long-range dependence,
then this would not be possible, and the estimator
would exhibit such a large variance as to be unre-
liable.

2.4 Approximating Family of Distributions

To approximate the distribution F , we consider a
collection of distribution functions on [0;1) of the
form

G(�;x) = 1�
JX

j=1

�je
��jx; x � 0 (3)

where � 2 � is a vector of real, non-negative pa-
rameters given by

� = (�1; : : : ; �J�1; �1; : : : ; �J )
T

and �J � 1 � PJ�1
j=1 �j. We restrict �j 2

[�min; �max] and �j 2 [0; �max], for some �max > 0,
so that � is a compact subset of <2J�1. More-
over, G(�;x) is continuous and in�nitely di�eren-
tiable in �. Let GJ = fG(�;x) : � 2 �g be the
set of all approximating distribution functions of
F , for a given J . Although various models are pos-
sible, the sum of exponentials model corresponds
well to certain classes of Markov-modulated tra�c

in a FCFS queue since the waiting time distribu-
tion has a matrix-geometric form. In particular,
if the packet lengths have an exponential distribu-
tion, then F1 is precisely a �nite sum of exponen-
tials [5].

3 Measurement and Estimation

In the previous section, we saw that F could be ap-
proximated with the function G(�) for some � 2 �.
In this section, we detail our approach for estimat-
ing � given a histogram of F . We begin with an
overview of model selection techniques, and then
discuss a maximum likelihood estimator of � as
well as an implementable algorithm based on batch
means. For details on convergence results, please
see [7].

3.1 Model Selection

Model selection techniques focus not only on the
estimation of model parameters, but also on how
well particular models describe the behavior of a
stochastic process. In our case, the model selec-
tion problem is, given the set GJ , to select the dis-
tribution function from this set that best approxi-
mates F . Furthermore, since GJ represents a dis-
tinct model for each J , we also need to choose J
based on a suitable criterion, discussed below.

How we select G(�) depends on how we measure
the disparity between two distribution functions,
de�ned by a discrepancy measure �(G;F ). In par-
ticular, we are interested in minimizing �(G(�); F )
with respect to � 2 � for some appropriate discrep-
ancy measure. Many types of discrepancy measures
are available in the literature depending on what
properties of distributions from GJ are most im-
portant [4, 6]. Using this discrepancy measure, we
may compute

�� = argmin
�2�

�(G(�); F ): (4)

Then, G(��) would be the best estimate of F , with
respect to the discrepancy measure �(G(�); F ).
Furthermore, we may construct an estimate of ��

based on F̂ , an empirical estimate of F . In this
case, the empirical discrepancy measure is de�ned
as �̂(G(�); F̂ ), and the corresponding estimate of

�� is �̂ 2 �, where

�̂ = argmin
�2�

�̂(G(�); F̂ ): (5)



To choose the appropriate J , we compare a suitable
criterion, or estimate of EF [�(G(�̂); F )], for each
model. This way, multiple models may be com-
pared to choose the one that best approximates F .

Furthermore, once a model has been chosen, the
quality of the �t must be evaluated. Since �̂(�̂) is
a random variable, we may test the likelihood of it
occurring under its limit distribution.

3.2 Histogram

A key di�culty in model selection problems is �nd-
ing an appropriate discrepancy measure. Although
several are available, some are more appropriate
than others. For example, computing F̂ based on
samples from n packets requires that n data pairs
be stored. This is not possible due to the lack of
resources within the network. Furthermore, with
such a large amount of data being generated, trans-
ferring this data to a remote processor would use a
non-negligible amount of the network bandwidth.
Lastly, a �tting algorithm is needed to minimize
�̂(G(�); F̂ ), and discrepancy measures which �t at
each point in the distribution function lead to com-
plex algorithms. To mitigate these problems, we
propose to use a histogram when storing, transfer-
ring, and �tting the data. That is, we approximate
F̂ with a histogram Ĥ, with K bins, of the obser-
vations.

Given the number of thresholds K, we construct
the histogram in the following manner. The bin
thresholds are �xed, and are denoted by the ran-
dom vector

b = (b1; b2; : : : ; bK)
T (6)

where the k-th bin threshold is denoted by bk, and
where 0 < b1 < b2 < : : : < bK < 1. Furthermore,
let (Xn; n � 1) be a sequence of f0; 1gK-valued
random vectors, such that

Xn = (Xn;1; : : : ; Xn;K)
T

and

Xn;k =

�
1 W�n� + Sn � bk
0 otherwise

:

Then, Xn;k is the indicator of the event that the
number of bytes in the queue, after the n-th packet
arrival, exceeds the threshold bk. Let Ĥn be the
histogram at time n, where

Ĥn = (Ĥn;1; : : : ; Ĥn;K)
T

and

Ĥn;k =
1

n

nX
i=1

Xi;k: (7)

The histogram Ĥn approximates F̂n at precisely
K points on the distribution function. Further-
more, because the tra�c process is stationary and
ergodic, then Ĥn

a:s:�! H. Also, because it is pos-
sible to construct regeneration points of the pro-
cess, where the lengths of the regenerative cycles
are i.i.d. with �nite variance, then

p
n
�
Ĥn �H

�
d�! N (0; C) (8)

for some covariance matrixC � 0. The importance
of this result is the fact that the error (Ĥn �H) is
asymptotically normal with zero mean and covari-
ance 1

n
C, and therefore we can construct maximum

likelihood estimators that minimize this asymptotic
error.

3.3 Maximum Likelihood Estimation

Since the error is asymptotically normal, the max-
imum likelihood estimator uses the discrepancy
measure �(�) � �(G(�);H), where

�(�) = V (�)TC�1V (�)

and
V (�) � (G(�; b)�H) :

Furthermore, we assume that C is positive de�nite
(if not, an appropriate pseudo-inverse may be used
instead). As before, an appropriate empirical dis-

crepancy measure is �̂n(�) � �̂n(G(�); Ĥn), where

�̂n(�) = Vn(�)
TC�1n Vn(�)

and
Vn(�) � (G(�; b)� Ĥn):

We assume that C�1n exists and is an estimate of
C�1. Under our assumptions, we can de�ne a se-
quence of estimators (�̂n; n � 1), de�ned by (5),
such that

�̂n
a:s:�! ��

�̂n(�̂n)
a:s:�! �(��):

Furthermore, since (Ĥn�H) is asymptotically nor-

mal by (8), then (�̂n���) and therefore (G(�̂n; b)�
G(��; b)) will also be asymptotically normal since
G(�) and �(�) are continuous and di�erentiable
functions with respect to �. We can also view the



modeling error Vn(�̂n) as asymptotically normal,

and therefore minimizing �̂n(�) with respect to �
maximizes the likelihood of the asymptotic distri-
bution.

To estimate C, we need to know the correlation
structure of the tra�c process. If full knowledge
of the tra�c process is available, then we can de-
termine the tra�c process regeneration times given
by (
m;m � 1). Since

C = lim
n!1

cov

0
@ 1p

n

nX
i=1

Xi;
1p
n

nX
j=1

Xj

1
A ;

we can divide the sum into i.i.d. busy cycles and
compute an unbiased estimator Cn ofC. Of course,
the di�culty with this approach is that the regen-
eration times are typically not known and cannot
be determined from the process. (The exception to
this is when Zn is a renewal process, so that the
regeneration times are simply the times when the
queue is empty before the next packet arrival.)

As mentioned in [7], if we assume thatG(��) � F in
the sense that modeling error is insigni�cant with
respect to �, then a suitable criterion for evaluat-
ing G(�̂n) 2 GJ is

EF [�(�̂n)] � EF [�̂n(�̂n)]� K

n
+

2(2J � 1)

n

for large n. In other words, the decision to increase
J and use a more sophisticated model depends
on whether doing so will reduce the discrepancy
measure by more than 4

n
. Furthermore, �̂n(�̂n)

is approximately 1
n
�2p distributed for large n, with

p = K � (2J � 1) degrees of freedom. Therefore,
the likelihood of the empirical discrepancy measure
can be estimated, so that the overall quality of the
�t can be evaluated.

3.4 M-Block IID Estimation

As mentioned before, the key di�culty with the
maximum likelihood approach is computing Cn be-
cause, in general, the regeneration times of the pro-
cess are not available. Instead, we adopt an ap-
proach based on batch means [2]. This approach
allows us to estimate the correlation structure and
achieve similar performance to the maximum like-
lihood estimator.

In this case, we de�ne the discrepancy measure to
be

��n(�) = Vn(�)
TWnVn(�)

where Wn is a weight matrix de�ned below. Using
��n(�), we can construct a sequence of estimators

(��n; n � 1), de�ned by (5), such that ��n
a:s:�! �� as

before. However, in this case, the bias of the �t will
depend on the bias of Wn as an estimator of C�1.

Suppose we divide the process (Xn; n � 1) into
blocks of M � 1 packets, and average over each
block. That is, we compute

�Xi =
1

M

iMX
n=(i�1)M+1

Xn:

Then, we can rewrite C as

C = lim
m!1

Am(0) + 2
m�1X
l=1

�
m � l

m

�
Am(l);

where

Am(l) =
M

m � l

m�lX
i=1

cov( �Xi; �Xi+l):

Therefore, Am(l) is an estimate, based on the �rst
m blocks of length M , of the autocovariance of �Xi

separated by l blocks. The covariance matrix that
is used in the �t is �Cm = Am(0), and therefore
Wn � �C�1m for n = mM , m an integer. One can
show that, by increasing M , �Cm converges to Cn,
and so we can get arbitrarily close to the maxi-
mum likelihood estimator. However, it is desirable
to keep M small so that we generate a signi�cant
number of samples.

The Sherman-Morrison formula [3] can be used to
compute updates to the weight matrix Wn. Since

�C�1m =

��
m � 1

m � 2

�
�Cm�1 +

1

m
UmU

T
m

��1

for

Um =
�
�Xm � �H(m�1)M

�
;

the weight matrix may be updated very simply af-
ter each block.

As before, we use the same criterion as in the max-
imum likelihood estimator. To evaluate the quality
of the �t, we adopt the following approach. We can
write, for n = mM where m is an integer,

Cn � �Cm +
2(m� 1)

m
Am(1):



Then,

C�1n �
�
�Cm +

2(m � 1)

m
Am(1)

��1

= Wn � En:

where En is a matrix that can be computed from
the Sherman-Morrison formula, and depends only
on the matrices Wn and Am(1). The matrix En

provides an estimate of the biasing of estimates due
to the positive correlation in the measurements.
Therefore, when we compute ��n( ��n), we can use
the matrix En to test the validity of the �t since

Vn(��n)
TC�1n Vn(��n) � ��n(��n)� Vn(��n)

TEnVn(��n):

In this manner, we can estimate the quality of the
�t by comparing the upper bound above to the 1

n
�2p

distribution, as before. By computing En in tan-
dem with Wn, we provide an implementable and
robust algorithm where the parameter M may be
adjusted, based on En, to provide the desired �t.

4 Simulation

In this section, we motivate our approach with
a simple example. Suppose the tra�c process is
Poisson(�), with packet lengths that are exponen-
tially distributed with rate �. Then, F 2 G1, and
so

F (x) = 1� e��(1��)x; 0 � x � B

where � = �
�R

. If we assume that � =

840 packets/sec, 1=� = 100 bytes, B = 104 bytes,
and R = 106 bytes/sec, then the loss rate is approx-
imately L � 10�6:95. For K = 8 bins, we tested the
maximum likelihood estimator (MLE) and the M-
Block IID estimator for block sizes M = 1; 8; 64.
The results are presented in Figure 2.

The graph shows the averaged estimates of the loss
rate for the �rst 600 seconds of 100 simulation runs
for each estimator. Although the estimators have
not yet converged, the e�ect of using batch means is
clear from the �gure. As M get larger, the �t using
batch means gets closer to the MLE. Furthermore,
even without using batch means, as is the case with
M = 1, the estimates are still very close to the
MLE. In fact, the variability of the estimates over
time increases with M , so that choosing M small
has a smoothing e�ect on the estimates.
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Figure 2: Estimated loss rate for MLE and M-Block

IID estimators.
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